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Abstract
Let D be an integral domain. A saturated multiplicative subset S of D is an almost splitting set if, for each 0 6= d ∈ D, there
exists a positive integer n = n(d) such that dn = st for some s ∈ S and t ∈ D which is v-coprime to each element of S. We
show that every upper to zero in D[X ] contains a primary element if and only if D\{0} is an almost splitting set in D[X ], if and
only if D is a UMT-domain and Cl(D[X ]) is torsion. We also prove that D[X ] is an almost GCD-domain if and only if D is an
almost GCD-domain and Cl(D[X ]) is torsion. Using this result, we construct an integral domain D such that Cl(D) is torsion, but
Cl(D[X ]) is not torsion.
c© 2006 Elsevier B.V. All rights reserved.
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1. Introduction
Let S be a saturated multiplicative subset of an integral domain D. Then N (S) = {0 6= x ∈ D|(x, s)v = D for
all s ∈ S} is also a saturated multiplicative subset of D called the m-complement of D. Following [1], S is called a
splitting set if each 0 6= d ∈ D can be written as a product d = st , where s ∈ S and t ∈ D with s′D ∩ t D = s′t D
(equivalently, (s′, t)v = D) for all s′ ∈ S, i.e., if D\{0} = SN (S). As in [3], we say that S is an almost splitting
set if, for each 0 6= d ∈ D, there is a positive integer n = n(d) such that dn = st for some s ∈ S and t ∈ N (S);
while, as in [2], S is a t-splitting set if for each 0 6= d ∈ D, dD = (AB)t for some integral ideals A and B, where
At ∩ sD = s At for all s ∈ S and Bt ∩ S 6= ∅. It is clear that a splitting set is an almost splitting set, and it is also
known that an almost splitting set is a t-splitting set [16, Proposition 2.3]. Moreover, if S is an (almost) splitting set,
then N (S) is an (almost) splitting set with N (N (S)) = S [3, Proposition 2.4].
Recall that D is an almost GCD-domain (AGCD-domain) if for any 0 6= a, b ∈ D, there is a positive integer
n = n(a, b) such that anD ∩ bnD is principal and that D is a UMT-domain if every upper to zero in D[X ] is a
maximal t-ideal. It is known that D\{0} is a splitting set in D[X ] if and only if D is a GCD-domain [17, Corollary
2.11(2)]; D\{0} is a t-splitting set in D[X ] if and only if D is a UMT-domain [17, Corollary 2.9]; and if D is an
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AGCD-domain, then D is a UMT-domain with Cl(D) torsion (see Lemma 3.1). Moreover, if D is integrally closed,
then D is an AGCD-domain if and only if D\{0} is an almost splitting set in D[X ] [16, Proposition 2.6], if and only if
D is a UMT-domain with Cl(D) torsion ([22, Proposition 3.2] and [26, Theorem 3.9]). From these facts, we have two
natural questions. The first one is “Is D an AGCD-domain if D is a UMT-domain with Cl(D) torsion?”. The second
is “Does [16, Proposition 2.6] hold when D is not integrally closed?”. Unfortunately, there is a UMT-domain D such
that Cl(D) is torsion, but D is not an AGCD-domain (see Example 3.4). So we are mainly interested in integral
domains D such that D\{0} is an almost splitting set in D[X ]. For convenience, we will call such an integral domain
a quasi-AGCD-domain.
In Section 2, we prove that D is a quasi-AGCD-domain if and only if D is a UMT-domain and Cl(D[X ]) is
torsion, if and only if every upper to zero in D[X ] contains a primary element. As a corollary, we have that D[X ]
(resp., D[X2, X3], A + XB[X ]) is an AWFD if and only if D[X ] (resp., D[X2, X3], A + XB[X ]) is a GWFD (see
the next section for the definitions of AWFD and GWFD). These corollaries generalize results from [12,13] and [14].
In Section 3, we prove that D[X ] is an AGCD-domain if and only if D is an AGCD-domain and Cl(D[X ]) is torsion.
This result also gives an integral domain D such that Cl(D) is torsion, but Cl(D[X ]) is not torsion (see Example 3.3).
Moreover, this D is an AGCD-domain, but not a quasi-AGCD-domain.
Let D be an integral domain with quotient field K . For any 0 6= f ∈ K [X ], the content of f is the fractional ideal
A f of D generated by the coefficients of f . An upper to zero in D[X ] is a (height-one) prime ideal of D[X ] of the
form Q f = f K [X ] ∩ D[X ], where f ∈ D[X ] is irreducible in K [X ]. Let I be a nonzero fractional ideal of D. Then
I−1 = {x ∈ K |x I ⊆ D}, Iv = (I−1)−1, and It = ∪Jv , where J runs over all nonzero finitely generated subideals of
I . We say that I is a divisorial ideal or v-ideal (resp., t-ideal) if I = Iv (resp., I = It ), while I is a finite type v-ideal
if I = (a1, . . . , an)v for some 0 6= (a1, . . . , an) ⊆ I . Note that Iv = It if I is finitely generated. A height-one prime
ideal is a t-ideal; so an upper to zero is a t-ideal. A fractional ideal I of D is said to be t-invertible if (I I−1)t = D.
We say that 0 6= a, b ∈ D are v-coprime if (a, b)v = D (equivalently, if aD ∩ bD = abD). A maximal t-ideal is
a (necessarily prime) ideal of D maximal among proper integral t-ideals of D. Let t-Max(D) be the set of maximal
t-ideals of D. It is well known that if D is not a field, then ∅ 6= t-Max(D) ⊆ Spec(D) and D = ∩P∈t−Max(D) DP .
Let T (D) be the group of t-invertible fractional t-ideals of D under the t-multiplication I ∗ J = (I J )t , and
let Prin(D) be its subgroup of principal fractional ideals. Then the quotient group Cl(D) = T (D)/Prin(D) is an
abelian group called the (t-)class group of D. It is known that D is a GCD-domain if and only if D is a PVMD and
Cl(D) = 0 [15, Proposition 2] and that if D is integrally closed, then D is an AGCD-domain if and only if D is a
PVMD with Cl(D) torsion [26, Corollary 3.8]. (Recall that D is a Pru¨fer v-multiplication domain (PVMD) if every
finite type v-ideal is t-invertible.) Also, Cl(D) = Cl(D[X ]) if and only if D is integrally closed [20, Theorem 3.6].
Throughout, D will always denote an integral domain with quotient field q f (D) = K and integral closure D¯, and
X will be an indeterminate. An overring of D is a subring of K containing D. For any undefined terminology or
notation, see [21] or [24]. For more on the (t-)class group, see [9].
2. Quasi-AGCD-domains
Recall from [16, Proposition 2.6] that if D is integrally closed, then D is an AGCD-domain if and only if D\{0}
is an almost splitting set in D[X ]. So we call D a quasi-AGCD-domain if D\{0} is an almost splitting set in D[X ].
Note that an almost splitting set is a t-splitting set [16, Proposition 2.3] and that D\{0} is a t-splitting set in D[X ] if
and only if D is a UMT-domain [17, Corollary 2.9]. Thus a quasi-AGCD-domain is a UMT-domain.
Lemma 2.1. Let D be an integral domain with quotient field K and 0 6= f ∈ D[X ].
(1) f K [X ] ∩ D[X ] = f D[X ] if and only if (A f )v = D.
(2) If f is a product of primary elements in D[X ]\D, then f K [X ] ∩ D[X ] = f D[X ].
Proof. (1) (⇒) If u ∈ A−1f , then u f ∈ f K [X ] ∩ D[X ] = f D[X ]; so u ∈ D. Hence A−1f = D, and thus (A f )v = D.
(⇐) Let g ∈ K [X ] such that f g ∈ D[X ]. Then there is a positive integer m such that Am+1f Ag = Amf A f g [21,
Theorem 28.1]. Hence Ag ⊆ (Ag)v = (A f g)v ⊆ D, since (A f )v = D. Thus g ∈ D[X ].
(2) Let g, h ∈ D[X ]\D be primary in D[X ] such that √gD[X ] 6= √hD[X ]. Then, since √gD[X ] and √hD[X ]
are maximal t-ideals [13, Lemma 2.1], g and h are v-coprime, and hence gD[X ] ∩ hD[X ] = ghD[X ]. So we may
assume that f is primary. Then, since
√
f D[X ] is a maximal t-ideal, (A f )v = D (cf. [22, Proposition 1.1]), and thus
f K [X ] ∩ D[X ] = f D[X ] by (1). 
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Lemma 2.2 ([3, Proposition 2.7]). Let S be a saturated multiplicative subset of an integral domain D. Then S is an
almost splitting set if and only if, for each 0 6= d ∈ D, there is a positive integer n = n(d) such that dnDS ∩ D is
principal.
Lemma 2.3. Let D be a quasi-AGCD-domain. Then Cl(D[X ]), and hence Cl(D), is torsion.
Proof. We may assume that D is not a field. Let S = D\{0}, and let N (S) = { f ∈ D[X ]|( f, s)v = D[X ]
for all s ∈ S}. Then N (S) = {0 6= f ∈ D[X ]|(A f , s)v = D for all s ∈ S} [11, Proposition 3.6]. For
f ∈ N (S), choose 0 6= a ∈ A f , then (A f )v = (A f , a)v = D. Hence N (S) ⊆ { f ∈ D[X ]|(A f )v = D},
and thus N (S) = { f ∈ D[X ]|(A f )v = D}. Recall that Max(D[X ]N (S)) = {P[X ]N (S)|P ∈ t-Max(D)} = t-
Max(D[X ]N (S)) [23, Proposition 2.1 and Corollary 2.3] and any invertible ideal of D[X ]N (S) is principal [23, Theorem
2.14]. So any t-invertible t-ideal of D[X ]N (S) is principal, and hence Cl(D[X ]N (S)) = 0. Since D[X ]S is a PID,
Cl(D[X ]S) = 0, and therefore Cl(D[X ]) is torsion [16, Theorem 2.10(2)]. Moreover, since Cl(D) is a subgroup of
Cl(D[X ]) [20, Proposition 3.2], Cl(D) is also torsion. 
Next we give the main result of this paper.
Theorem 2.4. The following statements are equivalent for an integral domain D.
(1) D is a quasi-AGCD-domain.
(2) D is a UMT-domain and Cl(D[X ]) is torsion.
(3) Every upper to zero in D[X ] contains a primary element.
Proof. (1)⇒ (2) Let D be a quasi-AGCD-domain. Recall that almost splitting sets are t-splitting sets [16, Proposition
2.3] and D\{0} is a t-splitting set in D[X ] if and only if D is a UMT-domain [17, Corollary 2.9]. Thus D is a UMT-
domain, and Cl(D[X ]) is torsion by Lemma 2.3.
(2) ⇒ (3) Let Q be an upper to zero in D[X ]. Then, since D is a UMT-domain, Q is a maximal t-ideal, and
hence Q is t-invertible [22, Theorem 1.4]. Moreover, since Cl(D[X ]) is torsion, there is a positive integer n such that
(Qn)t = gD[X ] for some g ∈ D[X ]. Thus g ∈ Q. Let f, h ∈ D[X ] such that f h ∈ gD[X ] and f 6∈ √gD[X ] = Q.
Then (g, f )v = D[X ], because Q is a maximal t-ideal, and so h ∈ hD[X ] = h(g, f )v = (hg, h f )v ⊆ gD[X ]. Thus
g is a primary element in Q.
(3)⇒ (1) By Lemma 2.2, it suffices to show that if f ∈ D[X ]\{0}, then there is a positive integer n = n( f ) such
that f nK [X ] ∩ D[X ] is principal, where K is the quotient field of D. We may assume that f ∈ D[X ]\D. We first
assume that f is a prime in K [X ]. So Q f = f K [X ] ∩ D[X ] is an upper to zero in D[X ], and hence Q f contains
a primary element g ∈ D[X ]. Since htQ f = 1, we have √gD[X ] = Q f . Hence g = u f n for some u ∈ K and
positive integer n, and thus f nK [X ] ∩ D[X ] = gD[X ] by Lemma 2.1(2). Therefore, if m is a positive integer, then
( f m)nK [X ] ∩ D[X ] = gmK [X ] ∩ D[X ] = gmD[X ] (Lemma 2.1(2)).
Let f = f e11 · · · f ekk be a prime factorization of f in K [X ]. Then there are positive integers mi such that
f eimii K [X ] ∩ D[X ] = giD[X ] for some gi ∈ D[X ] by the above paragraph. Let m = m1 · · ·mk , e = e1 · · · ek ,
and ni = memi . It is clear that each gi , and hence each g
ni
i , is primary. Thus we have
f meK [X ] ∩ D[X ] = (( f m1e11 )n1K [X ] ∩ · · · ∩ ( f mkekk )nkK [X ]) ∩ D[X ]
= (gn11 K [X ] ∩ D[X ]) ∩ · · · ∩ (gnkk K [X ] ∩ D[X ])
= gn11 D[X ] ∩ · · · ∩ gnkk D[X ] = gn11 · · · gnkk D[X ],
where the first and the last equalities follow from the fact that if g and h are v-coprime, then (g) ∩ (h) = (gh). 
Corollary 2.5. The following statements are equivalent for an integrally closed domain D.
(1) D is an AGCD-domain.
(2) D is a quasi-AGCD-domain.
(3) Every upper to zero in D[X ] contains a primary element.
Proof. (1)⇔ (2) is [16, Proposition 2.6] and (2)⇔ (3) is Theorem 2.4. 
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Let A ⊆ B be an extension of integral domains. Then A+ X2B[X ] is an AGCD-domain if and only if A+ XB[X ]
is an AGCD-domain and char(A) 6= 0 [16, Theorem 3.3]. In particular, D[X2, X3] is an AGCD-domain if and only if
D[X ] is an AGCD-domain and char(D) 6= 0. We next give the quasi-AGCD-domain analog.
Corollary 2.6. Let D be an integral domain. Then D[X2, X3] is a quasi-AGCD-domain if and only if D[X ] is a
quasi-AGCD-domain and char(D) 6= 0.
Proof. Recall that D[X2, X3] is a UMT-domain if and only if D[X ] is a UMT-domain [12, Theorem 2.3]. Also, recall
that Cl(D[X2, X3][Y ]) = Cl(D[Y ][X2, X3]) = Cl(D[X, Y ]) ⊕ K (Y ) [10, Theorem 6]; so Cl(D[X2, X3][Y ]) is
torsion if and only if Cl(D[X ][Y ]) is torsion and char(D) 6= 0. Thus, by Theorem 2.4, D[X2, X3] is a quasi-AGCD-
domain if and only if D[X ] is a quasi-AGCD-domain with char(D) 6= 0. 
Let R be an overring of an integral domain D. Then R is said to be t-linked over D if I−1 = D for a nonzero
finitely generated ideal I of D implies (I R)−1 = R, equivalently, Iv = D implies (I R)v = R. It is known that
if D is a UMT-domain, then each t-linked overring of D is a UMT-domain [22, page 1962]. Our next result is the
quasi-AGCD-domain analog.
Corollary 2.7. If D is a quasi-AGCD-domain, then each t-linked overring R of D is also a quasi-AGCD-domain. In
particular, if R is integrally closed, then R is an AGCD-domain.
Proof. By Theorem 2.4, we only have to show that every upper to zero in R[X ] contains a primary element. Let K
be the quotient field of D (and hence of R), and let f ∈ R[X ]\R such that Q f = f K [X ] ∩ R[X ] is a prime ideal of
R[X ]. Then f K [X ] ∩ D[X ] = Q f ∩ D[X ] is a prime ideal of D[X ]. Since D is a quasi-AGCD-domain, there are a
positive integer n and g ∈ D[X ] such that f nK [X ] ∩ D[X ] = gD[X ] and (Ag)v = D (see the proof of (3) ⇒ (1) of
Theorem 2.4). Since R is t-linked over D, (AgR)v = R, and so gK [X ] ∩ R[X ] = gR[X ] (Lemma 2.1(1)) and Q f is
a maximal t-ideal [22, Theorem 1.4]. Moreover, since gK [X ] = f nK [X ],√gR[X ] = f K [X ] ∩ R[X ], and thus g is
a primary element in R[X ] [13, Lemma 2.1].
The “in particular” statement follows because an integrally closed quasi-AGCD-domain is an AGCD-domain [16,
Proposition 2.6]. 
We next construct a quasi-AGCD-domain D such that D has an overring which is not a quasi-AGCD-domain. Thus
the t-linked hypothesis is needed in Corollary 2.7. We also construct a nonintegrally closed quasi-AGCD-domain.
Example 2.8. (1) Let D = Q[X, Y ] and R = Q[X, Y, (Y/X)2, (Y/X)3]. Then R is an overring of D and R has
integral closure R¯ = Q[X, Y/X ]. Note that R and R¯ have a common ideal I = (X, Y, (Y/X)2)R¯; R/I = Q; and
R¯/I = Q[e] with e2 = 0. A Mayer–Vietoris argument yields Pic(R) = Q (cf. [25, pages 39–40]). Thus Pic(R), and
hence Cl(R), is not torsion. So D (and R¯) is a quasi-AGCD-domain, but R is not a quasi-AGCD-domain.
(2) Let R be a PVMD with quotient field K , t an indeterminate over R, and D = R[t2, t3]. Then D is a quasi-
AGCD-domain if and only if char(R) 6= 0 and Cl(R) is torsion by Corollary 2.6. Moreover, D is an AGCD-
domain if and only if D is a quasi-AGCD-domain [16, Remark after Theorem 3.3]. In particular, D = F2[t2, t3]
is a nonintegrally closed quasi-AGCD-domain and AGCD-domain.
Recall that an integral domain D is called a weakly Krull domain if D = ∩P∈X1(D) DP and this intersection has
finite character, where X1(D) is the set of height-one prime ideals of D; D is a weakly factorial domain (WFD) if
each nonzero nonunit of D is a product of primary elements; D is an almost weakly factorial domain (AWFD) if for
each nonzero nonunit x ∈ D, there is an integer n = n(x) ≥ 1 such that xn is a product of primary elements; and
D is a generalized weakly factorial domain (GWFD) if each nonzero prime ideal of D contains a primary element.
It is well known that D is a WFD (resp., an AWFD) if and only if D is a weakly Krull domain and Cl(D) = 0 [6,
Theorem] (resp., Cl(D) is torsion [7, Theorem 3.4]). An AWFD is clearly a GWFD; whether the converse is true is an
open question (cf. [13]). It is also known that a GWFD is a weakly Krull domain [13, Corollary 2.3]. In [13, Theorem
3.3], we proved that if D is integrally closed, then D[X ] is a GWFD if and only if D[X ] is an AWFD. Our next result
shows that this holds without the assumption that D is integrally closed.
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Corollary 2.9. The following statements are equivalent for an integral domain D.
(1) D[X ] is an AWFD.
(2) D[X ] is a GWFD.
(3) D is an almost weakly factorial quasi-AGCD-domain.
(4) D is a generalized weakly factorial quasi-AGCD-domain.
(5) D is a weakly Krull quasi-AGCD-domain.
Proof. (1)⇒ (2) and (3)⇒ (4)⇒ (5) are clear. (2)⇒ (1) We first recall that D[X ] is a GWFD if and only if D is
a GWFD and every upper to zero in D[X ] contains a primary element [13, Proposition 2.7]; so Cl(D[X ]) is torsion
by Theorem 2.4. Thus D[X ] is an AWFD [7, Theorem 3.4], since a GWFD is weakly Krull [13, Corollary 2.3]. (1)
⇔ (5) Recall that D[X ] is an AWFD if and only if D[X ] is weakly Krull with Cl(D[X ]) torsion and that D[X ] is
weakly Krull if and only if D is a weakly Krull UMT-domain [4, Proposition 4.11]. Thus the proof is completed by
Theorem 2.4. (5)⇒ (3) This is an immediate consequence of Lemma 2.3, since a weakly Krull domain D is an AWFD
if and only if Cl(D) is torsion [7, Theorem 3.4]. 
Let D be a valuation domain with (Krull) dim(D) ≥ 2. Then D is a GCD-domain, and hence a quasi-AGCD-
domain. Thus every upper to zero in D[X ] contains a primary element by Theorem 2.4. However, D is not a weakly
Krull domain, and hence D[X ] is not a GWFD. Thus not every nonzero prime ideal in D[X ] contains a primary
element.
In [14, Theorem 3.5], we gave necessary and sufficient conditions for A + XB[X ] to be an AWFD. Using
Corollary 2.9, we next extend this characterization to GWFDs. (Note that Corollary 2.10 holds for A = B, which
is just the equivalence of (1) and (2) of Corollary 2.9.)
Corollary 2.10. Let A ( B be an extension of integral domains, X an indeterminate over B, and R = A + XB[X ].
Then the following statements are equivalent.
(1) R is an AWFD.
(2) XB[X ] is a (height-one) maximal t-ideal of R, B[X ] is an AWFD and, for each 0 6= b ∈ B, there are an integer
n = n(b) ≥ 1 and a ∈ A such that aB = bnB.
(3) q f (A) ∩ B = A, B[X ] is an AWFD and, for each 0 6= b ∈ B, there are an integer n = n(b) ≥ 1 and u ∈ U (B)
such that ubn ∈ A.
(4) R is a GWFD.
(5) XB[X ] is a (height-one) maximal t-ideal of R, B[X ] is a GWFD and, for each 0 6= b ∈ B, there are an integer
n = n(b) ≥ 1 and a ∈ A such that aB = bnB.
(6) q f (A) ∩ B = A, B[X ] is a GWFD and, for each 0 6= b ∈ B, there are an integer n = n(b) ≥ 1 and u ∈ U (B)
such that ubn ∈ A.
Proof. See [14, Theorem 3.5] for (1)⇔ (2)⇔ (3) and Corollary 2.9 for (2)⇔ (5) and (3) ⇔ (6). (1)⇒ (4) is clear.
(4)⇒ (6) (i) Since a GWFD is weakly Krull, q f (A) ∩ B = A and BA−{0} is a field [14, Theorem 3.4].
(ii) Let S = {Xn|n = 0, 1, 2, . . .}; then RS = B[X, X−1] is a GWFD [14, Lemma 2.1]. Let Q be a nonzero
prime ideal of B[X ]. If Q ∩ S 6= ∅, then X ∈ Q. Assume that Q ∩ S = ∅. Then QB[X, X−1] ( B[X, X−1], and
hence QB[X, X−1] contains a primary element g ∈ B[X, X−1]. Since X is a unit in B[X, X−1], we may assume that
g ∈ B[X ] with g(0) 6= 0; so Q ⊇ gB[X, X−1] ∩ B[X ] = gB[X ] and gB[X ] is primary. Thus B[X ] is a GWFD.
(iii) For 0 6= b ∈ B, let f = X + b ∈ B[X ]. Then f B[X ] = f q f (B)[X ] ∩ B[X ] (Lemma 2.1); so f B[X ]
is a height-one prime ideal. Let P = f B[X ] ∩ R. Since X 6∈ P , we have f B[X, X−1] = PRS ( RS ; hence
htP = ht( f B[X, X−1]) = ht( f B[X ]) = 1. Thus P = √gR for some primary element g ∈ R by (4) and [13,
Theorem 2.2]. Since BA\{0} is a field and f (0) 6= 0, we have g(0) 6= 0. Note that gRS = gB[X, X−1] is primary and
gRS ∩ B[X ] = gB[X ] (for, if g hXk ∈ B[X ], where k ≥ 0 and h ∈ B[X ] with h(0) 6= 0, then k = 0 since g(0) 6= 0;
hence h
Xk
∈ B[X ]); so gB[X ] is a f B[X ]-primary ideal. Hence g = u f n for some u ∈ q f (B) and n ≥ 1, and thus
ubn = g(0) ∈ A. Finally, since f = X + b and g is primary, we have u ∈ U (B). 
In [12, Theorem 3.3], we proved that if D is an integrally closed domain with charD 6= 0, then D[X ] is an AWFD
if and only if D[X ] is a GWFD, if and only if D[X2, X3] is an AWFD, if and only if D[X2, X3] is a GWFD. The next
result generalizes [12, Theorem 3.3] to arbitrary integral domains.
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Corollary 2.11. Let D be an integral domain with charD 6= 0. Then the following statements are equivalent.
(1) D[X ] is an AWFD.
(2) D[X ] is a GWFD.
(3) D[X2, X3] is an AWFD.
(4) D[X2, X3] is a GWFD.
(5) D is an almost weakly factorial quasi-AGCD-domain.
(6) D is a generalized weakly factorial quasi-AGCD-domain.
(7) D is a weakly Krull quasi-AGCD-domain.
Proof. The implications (1)⇔ (2)⇔ (5)⇔ (6)⇔ (7) are in Corollary 2.9 and (3)⇒ (4) is clear. For (4)⇒ (2), see
the proof of the implication (2)⇒ (4) of [12, Theorem 3.3]. (1)⇒ (3) If D[X ] is an AWFD, then D[X ] is a weakly
Krull UMT-domain [4, Proposition 4.11] and Cl(D[X ]) is torsion. So D[X2, X3] is a weakly Krull domain [12,
Proposition 2.7]. Note that Cl(D[X2, X3]) = Cl(D[X ]) ⊕ K [10, Theorem 6], where K is the quotient field of D.
Hence Cl(D[X2, X3]) is torsion, because charD 6= 0, and thus D[X2, X3] is an AWFD. 
3. Almost GCD-domains
It is well known that an integrally closed domain D is an AGCD-domain if and only if D[X ] is an AGCD-
domain [26, Theorem 5.6]; that Cl(D) = Cl(D[X ]) if and only if D is integrally closed [20, Theorem 3.6]; and
that if D is an AGCD-domain, then Cl(D) is torsion [8, Theorem 3.4]. So we can say that if D is integrally closed,
then D[X ] is an AGCD-domain if and only if D is an AGCD-domain and Cl(D[X ]) is torsion. The purpose of this
section is to generalize this to nonintegrally closed domains. This result (Theorem 3.2) with [3, Example 3.6] gives
an integral domain D such that Cl(D) is torsion, but Cl(D[X ]) is not torsion (see Example 3.3).
Let D ⊆ R be an extension of integral domains. Then R is called a root extension of D if, for each x ∈ R, there is
a positive integer n = n(x) such that xn ∈ D.
Lemma 3.1. Let D be an AGCD-domain with integral closure D¯. Then
(1) D is a UMT-domain,
(2) Cl(D) is torsion,
(3) D¯ is an AGCD-domain,
(4) D ⊆ D¯ is a root extension, and
(5) D¯ is t-linked over D.
Proof. (1) This is an immediate consequence of [8, Theorem 5.3 and Corollary 4.8] and [19, Theorem 1.5]. (2) This
is [8, Theorem 3.4]. For (3) and (4), see [8, Theorem 5.9]. (5) (cf. the comments before [8, Theorem 5.11]). Let
a1, . . . , an ∈ D such that (a1, . . . , an)v = D. Since D¯ is an AGCD-domain by (3), there is a positive integer k
such that (((a1, . . . , an)D¯)k)v = aD¯ for some a ∈ D¯ [26, Theorem 3.9]. Note that D ⊆ D¯ is a root extension and
(((((a1, . . . , an)D¯)k)v)m)v = (((amk1 , . . . , amkn )D¯))v for any positive integer m [8, Lemma 3.3]. So we may assume
that a ∈ D and that a divides some power of each ai in D. So (a1, . . . , an)v = D implies that aD = D, and hence
(((a1, . . . , an)D¯)k)v = aD¯ = D¯. Hence ((a1, . . . , an)D¯)v = D¯, and thus D¯ is t-linked over D. 
Theorem 3.2. The following statements are equivalent for an integral domain D with integral closure D¯.
(1) D[X ] is an AGCD-domain.
(2) D is an AGCD-domain and Cl(D[X ]) is torsion.
(3) D is an AGCD-domain and D[X ] ⊆ D¯[X ] is a root extension.
(4) D is an AGCD-domain and a quasi-AGCD-domain.
Proof. (1)⇒ (2) It is clear that if 0 6= a ∈ D, then aD[X ] ∩ D = aD. So D is an AGCD-domain, and Cl(D[X ]) is
torsion by Lemma 3.1(2).
(2)⇒ (3) Let 0 6= f ∈ D¯[X ]. First note that D is a quasi-AGCD-domain by Lemma 3.1(1) and Theorem 2.4. So
there is a positive integer n = n( f ) such that f nK [X ] ∩ D[X ] = gD[X ] for some g ∈ D[X ] (Lemma 2.2). Clearly,
gK [X ] ∩ D[X ] = gD[X ]; so (Ag)v = D (Lemma 2.1) and, since D¯ is t-linked over D (Lemma 3.1(5)), we have
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(Ag D¯)v = D¯. Hence f n(A f n D¯)−1[X ] = f nK [X ] ∩ D¯[X ] = gK [X ] ∩ D¯[X ] = gD¯[X ] by Lemma 2.1(1) and [21,
Corollary 34.9].
Note that D¯ is an AGCD-domain (Lemma 3.1(2)); so there is a positive integer k = k( f n) such that (A f kn D¯)v =
((A f D¯)kn)v = uD¯ for some u ∈ D¯ [21, Proposition 34.8]. Hence u−1 f kn D¯[X ] = f knK [X ] ∩ D¯[X ] =
gkK [X ] ∩ D¯[X ] = gk D¯[X ] (Lemma 2.1(1)), and thus f kn = agk for some a ∈ D¯. Since D ⊆ D¯ is a root extension
(Lemma 3.1(4)), there is another positive integer m = m(a) such that am ∈ D, whence f nkm = amgkm ∈ D[X ].
Therefore, D[X ] ⊆ D¯[X ] is a root extension.
(3)⇒ (1) appears in [3, Theorem 3.4].
(2) ⇔ (4) This is an immediate consequence of Theorem 2.4, since an AGCD-domain is a UMT-domain
(Lemma 3.1(1)). 
It is well known that if D is integrally closed, then Cl(D[X ]) is torsion if and only if Cl(D) is torsion (cf. [20,
Theorem 3.6]). We next give an example showing that this need not hold for nonintegrally closed domains. This
example also shows that an AGCD-domain need not be a quasi-AGCD-domain.
Example 3.3. Let m be a square-free integer such that m ≡ 5(mod 8), D = Z[√m], D¯ the integral closure of D, and
X an indeterminate over D. Then
(1) D is an AGCD-domain with dim(D) = 1.
(2) D¯ = Z+ 1+
√
m
2 Z.
(3) D¯ is a Dedekind domain with finite class group Cl(D¯).
(4) D¯[X ] is not a root extension of D[X ]; so D[X ] is not an AGCD-domain.
(5) D is a UMT-domain.
(6) D is not a quasi-AGCD domain.
(7) Cl(D) is torsion, but Cl(D[X ]) is not torsion.
Proof. Parts (1), (2), and (3) appear in [8, Theorem 4.17(2)]. See [3, Example 3.6] for (4) and Lemma 3.1(1) for (5).
Note that (6) and (7) follow directly from (4) and Theorem 3.2. But we give the proofs of (6) and (7) for the
completeness of this example.
(6) Suppose, to the contrary, that D\{0} is an almost splitting set in D[X ]. Let a = 1+
√
m
2 , f = a + X , and
Q f = f (Q[√m])[X ] ∩ D[X ]. (Note that Q[√m] is the quotient field of D.) Then Q f is an upper to zero in D[X ],
and so, by Theorem 2.4, Q f contains a primary element g ∈ D[X ], and hence f n(Q[√m])[X ] ∩ D[X ] = gD[X ]
for some positive integer n. Since dim(D) = 1, we have (Ag)v = Ag = D. Also, since D¯ is t-linked over D
(Lemma 3.1(5)), it follows that f n D¯[X ] = f n(Q[√m])[X ] ∩ D¯[X ] = g(Q[√m])[X ] ∩ D¯[X ] = gD¯[X ]. Hence
f n = ug for some u ∈ D¯. Since D ( D¯ is a root extension (Lemma 3.1(4)), um ∈ D for some positive integer m,
and thus f mn = umgm ∈ D[X ].
Note that D¯/2D¯ ∼= F4 and D/(2D¯ ∩ D) ∼= F2. Let f¯ = a¯ + X ∈ (D¯/2D¯)[X ]. Then f¯ ∈ F4[X ]\F2[X ] and
f¯ mn ∈ F2[X ] by the above paragraph, a contradiction (recall from [3, Example 3.6] that if t ∈ F4\F2, then no power
of t + X lies in F2[X ]). Thus D\{0} is not an almost splitting set in D[X ].
(7) Since D is an AGCD-domain, Cl(D) is torsion by Lemma 3.1(2). Note that since D is a UMT-domain by
(5), Cl(D[X ]) is torsion if and only if D is a quasi-AGCD-domain by Theorem 2.4. However, since D is not a
quasi-AGCD-domain by (6), Cl(D[X ]) is not torsion. 
It is well known that if D is an AGCD-domain, then D is a UMT-domain with Cl(D) torsion (see Lemma 3.1) and
that an integrally closed domain D is an AGCD-domain if and only if D is a UMT-domain and Cl(D) is torsion ([22,
Proposition 3.2] and [26, Theorem 3.9]). So it is natural to ask if D is an AGCD-domain when D is a UMT-domain
with Cl(D) torsion. However, this is not true. For example, if D is a one-dimensional local Noetherian domain whose
integral closure is not local, then D is a UMT-domain with Cl(D) = 0 [22, Theorem 3.7], but D is not an AGCD-
domain (cf. [8, Theorem 5.6]). Next we give another example.
Example 3.4. Let K be a field, and let D be the ring K [X2, X3]X2K [X ] or the subring K [[X2, X3]] of the power
series ring K [[X ]]. Then
(1) D is a UMT-domain with Cl(D) = 0.
(2) D is an AGCD-domain if and only if char(K ) 6= 0. Thus if char(K ) = 0, then D is not an AGCD-domain.
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Proof. (1) Note that D is a one-dimensional local Noetherian domain. Thus D is a UMT-domain [22, Theorem 3.9]
and Cl(D) = 0.
(2) Let D¯ be the integral closure of D, and note that D¯ = K [X ]XK [X ] if D = K [X2, X3]X2K [X ] or D¯ = K [[X ]]
if D = K [[X2, X3]]. Clearly, D¯ is a local PID, and hence an AGCD-domain. Suppose that D is an AGCD-domain.
Then D¯ is a root extension of D by Lemma 3.1(4) and, since 1 + X ∈ D¯, we have (1 + X)n ∈ D for some positive
integer n. So nX ∈ D, and hence n = 0 in K . Thus char(K ) 6= 0. Conversely, assume that char(K ) = p 6= 0. Then
f p ∈ D for each f ∈ D¯. Hence D¯ is a root extension of D, and thus D is an AGCD-domain [8, Theorem 5.11]. 
It is known that D is an AGCD-domain if and only if (i) D¯ is an AGCD-domain, (ii) D ⊆ D¯ is a root extension, and
(iii) if x1, . . . , xn ∈ D\{0} with ((x1, . . . , xn)D¯)v = D¯, then ((x1, . . . , xn)D)v = D [8, Theorem 5.9]. In [5, Example
3.1], the authors constructed an integral domain D such that D ⊆ D¯ is a root extension, D¯ is an AGCD-domain, but
D is not an AGCD-domain. We next show that this D is such that D¯ is t-linked over D, D¯ is a quasi-AGCD-domain,
but D is not a quasi-AGCD-domain.
Example 3.5. Let K ( L be a proper algebraic extension of fields, and let X, Y be indeterminates over L . Let
T = L[X, Y ] = L + M and R = K + M , where M = (X, Y )L[X, Y ]. Then T is a UFD (and hence a quasi-AGCD-
domain) and T is the integral closure of R. (Moreover, if L is a purely inseparable extension of K , then R ⊆ T is a
root extension.) If Q is a prime t-ideal of T , then ht(Q) = 1 and, since TQ = RQ∩R , we have ht(Q ∩ R) = 1. Thus
Q ∩ R is a t-ideal of R. Hence T is t-linked over R [18, Proposition 2.1].
Note that T is a UMT-domain, L is algebraic over K , but M is not a t-ideal of T . Hence R is not a UMT-domain
(cf. [19, Proposition 3.6]), and thus R is neither a quasi-AGCD-domain nor an AGCD-domain (cf. Theorem 2.4 and
Lemma 3.1).
We end this paper with some questions that are related to the question of whether D[X ] being an AGCD-domain
implies that D[X, Y ] is an AGCD-domain.
Question 3.6. (1) Is a quasi-AGCD-domain an AGCD-domain?
(2) Is D[X ] a quasi-AGCD-domain if D is a quasi-AGCD-domain?
(3) Is D\{0} an almost splitting set in D[X, Y ] if D is a quasi-AGCD-domain?
(4) For each f ∈ D[X, Y ]\(D[X ] ∪ D[Y ]), does there exist a g ∈ D[X ] ∪ D[Y ] such that (A f n )v = (Agn )v for
all positive integers n?
(5) Is Cl(D[X, Y ]) torsion if Cl(D[X ]) is torsion?
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